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QUESTION 1

(a) State and prove the two Borel-Cantelli lemmas.

[25 marks]

(b) Define almost sure convergence for sequences of random variables and
prove that Xn → X a.s. if and only if

∀ε > 0,P[|Xn −X| > ε i.o.] = 0

[8 marks]

QUESTION 2

(a) When is a probability space said to be complete? Discuss briefly the role
of completion in the theory of continuous-time stochastic processes.

[6 marks]

(b) Define standard Brownian motion Bt, t ≥ 0.

[4 marks]

(c) Prove that ∀t0, P[t 7→ Bt is differentiable at t0] = 0.

[19 marks]

(d) Does the above prove that P[t 7→ Bt is differentiable at some t0] = 0?
Explain why.

[4 marks]

QUESTION 3

Let T = inf{t : Bt = a or Bt = b} be the first exit time of Standard
Brownian Motion from the band (a, b) where a < 0 < b.
(a) Use the martingale Bt to prove that P[BT = a] = b

b−a .

[8 marks]

(b) Use the martingale B2
t − t to prove that E[T ] = −ab.

[8 marks]
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(c) Explain why, in the symmetric case (b = −a) the random variables T
and BT are independent.

[4 marks]

(d) In the symmetric case, use the martingale eλBt−λ2 t
2 to prove that

E[e−αT ] =
1

cosh b
√

2α
.

[13 marks]

QUESTION 4

(a) State Girsanov’s theorem for the Brownian motion with drift Wt =
Bt + µt on (Ω,F ,P).

[10 marks]

(b) Use Girsanov’s theorem and the identity (ST −K)+ = (ST −K)IA where
A is the event {ST ≥ K} to prove the Black-Scholes formula for a call option
on a stock in the standard model.

[23 marks]
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