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QUESTION 1

(a) Define the events {An i.o. } and {An ev.}. State and prove any relation-
ship that may exist between these two events.

[8 marks]

(b) Define what it means for a sequence of random variables to converge

(i) almost surely

(ii) in L2

(iii) in probability

(iv) in distribution.

[8 marks]

(c) Let X1, X2, ....., Xn, .... be a sequence of independent two-valued random
variables with the following probability distribution:

P[Xn = αn] = pn, P [Xn = 0] = 1− pn.

Assuming that αn >0 and αn+1 ≥ αn, state necessary and sufficient condi-
tions on αn and pn for Xn to tend to zero in the sense of each of the four
definitions above. Provide detailed justifications for your answers.

[9 marks]

(d) Use the above to construct examples which demonstrate that the four
modes of convergence listed in (b) are not equivalent to each other.

[8 marks]

QUESTION 2

The reflectionprinciple states that the probability distribution of stan-
dard Brownian motion is unchanged if the sign of its increments is reversed
after the hitting time: Tb = inf{t : Bt = b}.

Let Ḡ denote the complementary standard Gaussian probability distri-
bution function:

Ḡ(x) =
1√
2π

∫ ∞

x
e
−y2

2 dy.

[9 marks]
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Establish the formulas a), b), c) below:

(a)

P[Bt ≤ a, max
0≤s≤t

Bs ≥ b] = Ḡ

(
2b− a√

t

)
when a ≤ b, b > 0,

(b)

P [ max
0≤s≤t

Bs ≥ b] =

{
2Ḡ

(
b√
t

)
if b > 0,

1 b ≤ 0.

[8 marks]

(c)

P [Bt ≤ a, max
0≤s≤t

Bs ≥ b] = 2Ḡ
(

b√
t

)
− Ḡ

(
a√
t

)
when a > b > 0.

[8 marks]

(d) Calculate the probability density of Tb.

[8 marks]

QUESTION 3

(a) Define the following terms for continuous-time stochastic processes:-

(i) filtration

(ii) adapted process

(iii) martingale

(iv) stopping time.

[8 marks]

(b) Let {Bt, t ≥ 0} be standard ö Brownian motion. Prove that B2
t − t and

eλBt−λ2 t
2 are martingales with respect to the natural filtration of Bt.

[9 marks]
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(c) Construct a martingale based on B3
t .

[6 marks]

(d) State Itô’s lemma and use it to solve the stochastic differential equation

dSt = αStdt + σStdBt.

[10 marks]

QUESTION 4

(a) A stock has price

St = S0e
σ Wt+

�
r−σ2

2

�
t

where Wt is standard Brownian motion under the risk-neutral measure P∗.

Use the optional stopping theorem to prove the formula E∗ [e−rτa ] =
(

a
S0

) 2r
σ2

when S0 > a, where τa is the first hitting time of a by St.

[18 marks]

(b) Check that if S0 > a

E∗[e−rτa (K − Sτa)
+] = (K − a)+ E[e−rτa ].

Hence, obtain a formula for the value of the perpetual American put when
S0 > K; you may assume that the optimal exercise time is a hitting time of
St.

[15 marks]
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