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QUESTION 1

(a) Define the following: probability space, random variable; state the ax-
ioms of probability theory.

[11 marks]

(b) Let X be a random variable on (€2, F,P). Prove that ux = PoX ! is a
probability measure on (R, B) where B is the Borel o-algebra.

[11 marks]

(c) Let Xy, Xo,...,Xp,... be random variables on (2, F,P). Prove that
sup,, X, and limsup,,_,., X, are also random variables.

[11 marks]
QUESTION 2

(a) Let X be a non-negative random variable such that E[X] = 0. Prove
that X =0 a.s..

[12 marks]

(b) Prove that every non-negative random variable is the limit of an increas-
ing sequence of simple random variables.

[13 marks]

(c) Let A be the set of rational numbers in [0, 1]; define the function
f+10,1] = [0,1] by

f@=n@={ g L34

Prove that the function f is Lebesgue-integrable but not Riemann-integrable.

[8 marks]

QUESTION 3

(a) Define the conditional expectation of a random variable X given a
o-algebra G, and use this definition to prove the following:

a) if X is G-measurable then E[X|G] = X

b) if X is independent of G, then E[X|G] = E[X]
[17 marks]
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(b) Define what it means for the o-algebra G to be generated by the single
random variable Y. In this special case, prove the formula

[ af(@,Y)da
75 f(@,Y)da

where f is the joint probability density of X, Y.

E[X|G] =

[16 marks]

QUESTION 4

(a) Define the binomial model for a single risky asset.
[6 marks]
(b) Prove the uniqueness of the risk-neutral measure for the binomial model,

and derive necessary and sufficient conditions for its existence. Interpret
these conditions.

[13 marks]
(c) What can one conclude from the existence and uniqueness of the risk-
neutral measure?

[6 marks]

(d) Explain how the risk-neutral measure can be used to obtain the value
at time n of a derivative with payoff H at time N (n < N).

[8 marks]
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