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QUESTION 1

(a) State the axioms of probability theory.

[6 marks]

(b) Use the axioms to prove the following:

P[
∞⋃

n=1

An] = lim
m→∞

P[
m⋃

n=1

An].

P[
∞⋃

n=1

An] ≤
∞∑

n=1

P[An].

[11 marks]

(c) Prove that any countable intersection of almost sure events is almost sure.

[6 marks]

(d) Let X be a random variable on (Ω,F ,P). Prove that µX = P ◦ X−1 is a
probability measure on (R,B), where B is the Borel σ-algebra.

[10 marks]

QUESTION 2

(a) Prove that every positive random variable is the limit of an increasing se-
quence of simple random variables.

[11 marks]

(b) Outline the steps through which one defines the expectation of a general
random variable.

[11 marks]

(c) Let X be a non-negative random variable. Prove that if E[X] = 0, then
X = 0 is almost surely.

[11 marks]

QUESTION 3

(a) Let B be an event of positive probability in a probability triple (Ω,F ,P).
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(b) Prove that PB defined by

PB [A] =
P[A

⋂
B]

P[B]

is a probability measure on (Ω,F).

[6 marks]

(c) The expectation EB attached to PB is given by

EB [X] =
E[XIB ]
P[B]

where IB is the indicator of B. Justify briefly this formula.

[8 marks]

(d) Let D = {D1,D2, ...Dn, ....} be a partition of the sample space Ω into dis-
joint events of positive probability. For a given random variable X, give the
definition of E[X|D], the conditional expectation of X given the decomposition
D. Calculate E{E[X|D]}.

[7 marks]

(e) State and prove the optimal approximation property which characterises
E[X|D] when E[X2] < ∞.

[12 marks]

QUESTION 4

Consider the general discrete-time model of a financial market on a finite proba-
bility space (Ω,F ,P), with P{ω} > 0 ∀ω ε Ω. The discounted price of the risky
assets at time n is denoted by the vector S̃n, and Fn is its natural filtration.
The discounted value of a self-financing strategy Φ is

Ṽn(Φ) = V0(Φ) +
n−1∑
m=0

Φm · (S̃m+1 − S̃m).

(a) Prove that no arbitrage can exist in the model if there exists a probability P∗
equivalent to P under which S̃n is a martingale. (You may assume that Ṽn(φ)
is also a martingale under P∗).

[8 marks]

(b) The Separating Hyperplane Theorem states that if the subspace V of
Rp and the closed bounded convex set K ⊂ Rp do not intersect, then there
exists a hyperplane containing V and not intersecting K. In other words, there
exists λ in RP such that λ · x = 0 for all x in V while λ · y > 0 for all y in K.

(i) Explain how the set of all random variables on the finite sample space Ω
can be identified with Rp. Rephrase the no-arbitrage condition in the form
V

⋂
K = φ for appropriate V, K.

[8 marks]
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(ii) Assuming that there is no arbitrage in the model, use the Separating Hy-
perplane Theorem to construct a probability P∗ equivalent to P.

[8 marks]

(c) Check that S̃n is a martingale under P∗.

[9 marks]
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