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QUESTION 1

Let (Ω,F ,P) be a probability triple.

(a) Define IA the indicator of A, where A is a subset of Ω. When is IA a
random variable? Justify your answer.

[5 marks]

(b) Let X, Y be random variables on (Ω,F ,P). Prove that X + Y is also a
random variable.

[7 marks]

(c) Prove that µX = P0X
−1 is a probability measure on (R,B), where B is

the Borel σ-algebra.

[7 marks]

(d) Define Borel functions and prove that if f : R → R is a Borel function
and X is a random variable, then f(X) is a random variable.

[7 marks]

(e) Prove that f(x) = x2 is a Borel function, and thus prove that if X and
Y are random variables, so is XY .

[7 marks]

QUESTION 2

(a) Explain in detail (but without proof) the steps through which the defi-
nition of E[X] is arrived at for a general random variable X.

[13 marks]

(b) State and prove the Monotone Convergence Theorem.

[20 marks]

QUESTION 3

(a) Show by means of a two-dimensional example that, in general, orthogonal
projections do not preserve positivity.

[4 marks]
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(b) Let Ω = {ω1, ω2}, F = {φ, {ω1}, {ω2}, {ω1, ω2}}, P specified through
pω1 , pω2 .

(i) Explain how L2(F) can be identified with R2.

(ii) Find a smaller σ-algebra G ⊂ F and explain which subspace of R2

corresponds to L2(G).

(iii) Calculate the orthogonal projection of a general random variable X
onto that subspace, and thus check that the projection preserves positivity.

[12 marks]

(c) Prove that, in the case of a general probability triple (Ω,F ,P) and a
general σ-algebra G ⊂ F , E[X|G] ≥ 0 a.s. if X ≥ 0 a.s.. You may find it
useful to consider the events

Gn = {ω : E[X|G] (ω) ≤ − 1
n
}.

[17 marks]

QUESTION 4

(a) Set up the general discrete-time model of a financial market on a finite
probability space, and in this context define the following terms: trading
strategy, self-financing strategy, arbitrage strategy.

[10 marks]

(b) State (without proof) the separating hyperplane theorem.

[5 marks]

(c) Consider a binomial model with interest rate 1
4 per period; assume that

the price Sn+1 of the risky asset at time n+1 is either 3
2Sn or 1

2Sn. Compute
the value at time zero of an American put with strike price e9 and maturity
N = 3 on a stock with initial value e8. Identify the exercise boundary.

[18 marks]
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