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QUESTION 1

Consider the following class of elliptic problems

Lu = —(Ugy + Uyy) + @1ug +a2uy +bu = f, (x,y) € 2=1(0,1) x (0,1);
u = g, (z,y)€Q
a1(z,y) > a1 >0, as(z,y) > az >0, b(z,y) > B> 0, (z,y) €

Discretize this problem using the upwind finite difference method

LMy (522+5 2)+aD;z+aD, z+bz = f, (zi,y;) € QVM
z = g, (wi,y;) € 90NN

=N,M = . . .
where 2 = {(x,, yj)}f\f]’fo C Q is an arbitrary non-uniform mesh.

(a) State and prove a comparison principle for the differential operator L. De-
duce the following upper bound on the solution

IIfH

lull < =2= + llgll-

[8 marks]
(b) Show that the finite difference operator LM satisfies a discrete comparison
principle. Deduce that the discrete solution z is bounded by the data f and g.

[4 marks]

(c) Derive an expression for the truncation error |LY™(u — z)| on a uniform
mesh. Prove that, on a uniform mesh,

lu— 2l g < CLNTH 4 CoM

State explicitly how the constants C; and C5 depend on the maximum value of
certain partial derivatives of the solution.

[10 marks]

(d) Consider the case of as(x,y) = b(z,y) = 0. Establish a comparison principle
for the differential operator in this case and deduce the upper bound

IfH

WA
lull < ==+ llgll-

Hint: Associated with any v € C2, consider an associated function w with
v(z,y) = e’ w(z,y) and choose @ appropriately.

[11 marks]
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QUESTION 2

(a) Using Fourier analysis, examine the stability of the Lax—Wendroff scheme

Ak

D;"U(xj,tn) = cDgU(xj,t )+ 52 U(xj,ty)

on a uniform rectangular mesh for the partial differential equation
Up = Clly,.

Show that the local truncation error is second order in both space and time.
[16 marks]
(b) Consider the Crank—Nicolson scheme
1
LYU(zj,ty) = Dy U(zj,t,) — 62U(x], ne1) — =02U(z,t,) = 0, in GhF

2 x
U=u, in 9G"F

on a uniform mesh G = {(z},tn)|z; = jh, t, = nk}":M  for the heat equation

jin= o
U — Uz = 0,in G = (0,1) x (0,1]
u(z,0) =g(x), x€l0,1; u(0,t)=u(l,t)=0, t>0;
and  g(0) = g(1) = ¢'(0) = ¢'(1) = 0.
Write this scheme in the matrix form

AUj = Buj,l

where uj = (U(z1,t;),...,U(zn-1,t;)). Write out the elements of the matrices
A and B. Using Taylor expansions about the point (x;,t;_1/2) determine the
order of the local truncation error. Using Fourier analysis, examine the stability
of this scheme.

[17 marks]
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QUESTION 3

(a) Consider the system
Sx=Tx+Db

and suppose that S is nonsingular and that ||S™'T|| < 1. Show that

I5~b)|
< =
= T s

[6 marks]

(b) State and prove Gershgorin’s circle theorem. Let A = (a;;) be a n X n real
matrix. Assume that A is strictly row diagonally dominant. Show that A is
nonsingular and that

1

ming (| — 325y gz lainl)

p(A™h) <

[10 marks]

(c) Given an n x n matrix A, with the properties that the diagonal terms are
nonnegative and that the off-diagonal terms are nonpositive, show that A can
be written in the form A = sI — B, where s > 0, B > 0. If s can be chosen so
that s > p(B), then show that A is nonsingular and A= > 0.

[10 marks]
(d) Deduce an expression for the optimal choice for the SOR parameter w from

Young’s equation
A +w—1)2 = ?p?,

where \ are the eigenvalues of the SOR iteration matrix Gsor and u are the
eigenvalues of the Jacobi iteration matrix G ;.

[7 marks]
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QUESTION 4

(a) Show that the eigenvalues of a real symmetric matrix A are all real. Show
that a real symmetric matrix is positive definite if and only if all the eigenvalues
are positive. Show also if A is positive definite then A* is positive definite for
any integer k.

[12 marks]

(b) Assume in all the remaining parts of this question that A is a real symmetric
positive definite matrix and b is an arbitrary vector. The Conjugate Gradient
method for solving the equation Ax = b may be written in the following form:

Let x¢ be given, and let dg = —rg = b — Axy. For £ =0,1,2, ..., compute

I‘k~dk

_— Xpa1 = X + apdg and rpi; = Axpy1 — b
dk_Adkv + ’ + + )

A =

stop if ri1 is sufficiently small; otherwise define

rrpt1 - Adyg
Br 4. Ad, . W rip+1 + Brdi

and continue.
For the Conjugate Gradient method, it is known that the subspace spanned

by the search directions is identical to the subspace spanned by the residuals,
which in turn is identical to the Krylov subspace [rg, Arg, ..., A¥r].

1. Show that
vy =T + apAdy
and that —_— oot Th
: +1 " Thk+1
Q= ———— = .
k dk . Adk’ ﬁk re - -TIg

[8 marks]

2. Show that r; -r; =0 and < d;,d; >=0, ¢ # j, where < -,- > is an inner
product defined by < u,v >=u-Av, VYu,v € R".

[10 marks]
3. Explain why the Conjugate Gradient method is a direct method.

[3 marks]

MS401, Semester One 2004 Page 5 of 5



