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QUESTION 1
Let © = (0,1) x (0,1) with 8Q = Q\Q. Consider the problem

u  8%u  Gu 0
LT T = fzy), (z,y) €Q

Luzéﬁ oy: Oz Oy

u=g(r,y), (z,y)€ 0
which is approximated on the uniform mesh
" = {(z1,;) = (ih,jh) :4,j =0,...,N}, h=1/N
by the finite difference scheme
INZ; ;=822 + 6225+ DY Zi j + D Zi j — Ziy = f(wi,y;) on QY
Z; ; = u(zx;,y;) on OQN.

(a) State and prove a comparison principle for the differential operator L. Hence,
show that

I@MMS(ggMHﬂ%ﬂﬂ)

[9 marks]

(b) Show that the difference operator LV satisfies a corresponding discrete com-
parison principle. Hence, show that

rgﬂﬂﬁ(%yw+%%vo,

where Z is the solution of the finite difference scheme defined above.

[7 marks]

(c) Derive an expression for the truncation error and show that the solutions of
the difference scheme converge (as N — oo) to the exact solution u.

[9 marks]

(d) Consider the special case of homogeneous boundary conditions, i.e., u =
0, for all (z,y) € 9Q. Using a natural ordering of the mesh points, write the

difference scheme in the matrix form AZ = b, where 7 is a vector containing the
unknown internal nodal values. Write out explicitly the elements of A and b.

[8 marks]
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QUESTION 2

(a) Let oM = = {(z;,t)|z: = /N, t; = _]/M}L] ~o be a uniform mesh. The
operators DT, D~ are, respectively, the forward and backward finite difference
operators. Find an expression for the local truncation error for the finite differ-
ence scheme

D;"U(:ci,tj) -+ (ID;D;D;—U(.EL, tj) = f(:ci,tj), (.I)i,tj) S QN’M
as it applies to the third order partial differential equation

Ut + QUgee = [

[13 marks]

(b) Consider the singularly perturbed parabolic problem: Find u such that

Elgg + a(x, uy —ue = flz,t), (z,t) € G=(0,1) x (0,1]
u(0,t) =u(1,t) =0, t > 0; u(z,0) = (w), O<z<l
0<e<l, alz,t) >a>0, (z,t) € G

and the following implicit finite difference scheme

e62U + a(xs,t;)D;U = Dy U = f(zi,ty), (2i,t5) € GV
u(0,t;) = u(l,t;) =0, t; > 0 u(z;,0) =g(z;), O0<z <1
G =@t = i/N, t; = §/N} o
Write this difference scheme as a matrix equation of the form
ATy = Tj1 + f3. 00 =G

where v] = (U(zi,t )N ! Write down the elements in the matrix A, and the
vector fJ explicitly. Impose a condition on €, N, a so that the off-diagonal entries
of the matrix A are non-negative. Propose an alternative implicit finite differ-
ence scheme for this problem, whose off-diagonal entries of the corresponding
system matrix are non negative irrespective of €. State a discrete comparison

principle that this alternative difference operator will satisfy.

[20 marks]
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QUESTION 3

(a) Given that A is a nonsingular matrix and zj is an approximation to z, the
exact solution of Az = b # 0, show that for any compatible matrix and vector

norms
|A.’L‘1C — bH

el

A T S el S
where ¢(4) = [| ]| A~

[9 marks]

(b) For a nonsingular block tridiagonal matrix A the eigenvalues A of the SOR
iteration matrix are related to the eigenvalues p of the Jacobi iteration matrix
by

A4 w—1)% = ?p?

Deduce that the optimal value for w is given by

2

Wopt = ————F———
1+\/1—/J’gnaz

[9 marks]

(c) Given a square matrix A, a sequence of square matrices may be defined using
K1 = X + X (I — AXy)

Show that .
I-AX, = (I—AXO)2 )

[6 marks]
(d) Consider the system
Sx=Tx+Db
and suppose that S is nonsingular and that [|[S™!T'| < 1. Show that
[S~1D|
< 2 Tl
Pl = T
[9 marks]

MS401, Semester One Repeat 2004 Page 40f5



QUESTION 4

Assume that A is a real symmetric positive definite matrix and b is an
arbitrary vector. The Conjugate Gradient method for solving the equation
Ax = b may be written in the following form:

Let xg be given, and let dy = —rg = b — Axg. For £k =0,1,2,..., compute

_ I‘k~dk
d - Ady’

Q= Xp+1 = Xk + opdy, and rpy1 = Axypi1 — b

stop if rypy1 is sufficiently small; otherwise define

rpy1 - Adg

ﬂk:'__ dk'Adk,

dit1 = —Try1 + Beds
and continue.

(a) For the Conjugate Gradient method, show that the subspace spanned by the
search directions is identical to the subspace spanned by the residuals, which in
turn is identical to the Krylov subspace [, Afo, ..., A¥Fp] for all o # 0, j < k.

[12 marks]

(b) Showthatf}-?}:Oand<d—;,ch >=0,1#7j <k, a; #0, j <k, where
< -,- > is an inner product defined by < 4,7 >= 4 - A¥, V&,U € R".

[13 marks]
(c) Use the Conjugate Gradient method to solve the linear system
2 -1 0 T 1
-1 2 -1 To - 0
0 -1 2 I3 1
using (z1,2,z3) = (0,0,0) as an initial approximation.
[8 marks]
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